Let N n be the group of n × n lower-triangular matrices with integer entries and ones in the diagonal. In this work we are interested in constructing a C 1 action on the interval of a specific and somewhat universal nilpotent group denoted by N, which is the union of all of them. This yields a unified version of a construction due to B. Farb and J. Franks.
Introduction
It is a wide question of great interest to understand the ways in which a group can act on a given space. It is enough to consider the interval or the circle as a test space to verify that this is a quite complicated problem. Group actions on the interval have been studied by many authors (see [7] for a general view on this, see also [3] ), and it is remarkable to observe in the literature how the algebraic properties of the group are closely related to the regularity of the actions (see for example [1, 3] ). In this work we are interested in constructing an action of a specific and somewhat universal nilpotent group, henceforth denoted by N.
Let us review the already-known results on this topic. Plante and Thurston showed in [9] that nilpotent groups of C 2 diffeomorphisms of the interval are Abelian. The necessity of the C 2 regularity hypothesis was shown by Farb and Franks in [2] , where they prove that every finitely-generated, torsion-free nilpotent group can act by C 1 diffeomorphisms of the interval. To do this, they first observe that classical results going back to Malcev (see Theorem 4.12 of [10] ) imply that every such a group embeds into a certain group N n of n × n lower-triangular matrices with integer entries and ones in the diagonal. Now, such a group of matrices has a natural continuous action on the interval (see 2.2 of [2] ). Using classical techniques of regularization going back to Pixton [8] , they finally show that this natural action can be smoothed up to the class C 1 , thus showing their result.
is similar to Navas'. We fix a modulus of continuity ω which is weaker than α-Hölder for every α > 0, but good enough for our purposes. Then we show that the natural action of N n can be C 1+ω -smoothed, with good control on the C 1+ω -norms for the generators (see also [5, 2.3] ). Passing to the limit in N, this will yield an action of N on the interval, which will be C 1+ω (hence C 1 ) because of the Arzelá-Ascoli theorem. Finally, adding an extra parameter, we are able to send the canonical generators of N sufficiently close to the identity in the C 1+ω topology.
As suggested by the discussion above, our theorem is optimal in that for every α > 0, the group N cannot act faithfully on the interval by C 1+α diffeomorphisms. Indeed, in [6, 2.4 
Some preliminaries
We denote the group of n × n lower-triangular matrices whose entries are integers which equal 1 on the diagonal by N n . This group is generated by the matrices M 1 , . . . , M n−1 , where M q is a matrix whose only non-zero entry outside of the diagonal is the (q + 1, q)-entry, with 1 q n − 1, which equals 1. For each m n, there is a natural embedding of N n into N m . The union of all these N n is our group N, with canonical system of generators induced by the matrices M q .
We will construct an action of the group N on a closed interval I . After normalization this interval can be taken as [ 
Furthermore, we also impose the condition
Once this division of the interval is fixed, a continuous action of N on I may be obtained by using a well-chosen (in particular, equivariant) family of diffeomorphisms sending the intervals 
To carry out our construction, we will need to work in a slightly better regularity than C 
We denote the supremum of the left-hand expression by ψ ω , and we call it the ω-norm of ψ . As it is done in [6, 1.4], we will work with a fixed modulus of continuity satisfying ω(s) = 1/ log(1/s) for s small enough and such that the function s → ω(s)/s is decreasing.
The construction of the action
In all what follows, M will denote a universal constant whose explicit value is irrelevant for our purposes. Let t be a positive integer and let n t. We begin by constructing an embedding of
To do this, for each pair of closed intervals
We know the way in which the closed intervals I i 1 ,...,i n and J i 1 ,...,i n are distributed in the interval I . Hence the intervals in I n cover the interior of the interval I .
For each pair of integers n k, we will define diffeomorphisms f k,n of I , from which we will obtain the action of the group N. To define the diffeomorphisms f k,n we will state how they are defined at each interval in I n . To do this, we will use the family {ϕ L L }, where L and L will be in I n .
Thus in the definitions of our diffeomorphisms, it suffices to know the way in which they move the intervals as the diffeomorphisms are defined by using the family {ϕ L L }. The definitions are as follows:
The diffeomorphism f 1,n sends via the corresponding maps ϕ
In other words, we let f 1,1 :
It is not hard to convince that for all positive integers n t, we have the isomorphism
where we identify M q with f q,n . In the next section we will show that the set { f k,n } n k 1 has uniformly bounded C ω -norm. Assuming this, the Arzelá-Ascoli theorem yields that for each k, the sequence { f k,n } n k has a subsequence uniformly converging to a C 1 (actually, C 1+ω ) map (diffeomorphism) f k . Passing to the limit in each sequence, we will thus obtain an isomorphism similar to the preceding one, that is,
Since the group N t embeds both coherently and canonically into N t+1 , we can pass to the "limit" once again to obtain the desired isomorphism, that is,
All that remains is to check the announced regularity properties of the involved maps. To do this, we will use the following 
Thus we have 
where {k n } is an increasing sequence satisfying:
To define the value of the length of J i 1 ,...,i n , we will need the following two lemmas. For simplicity, we let A = A n be defined by Proof. Using the estimate 
which is bigger than or equal to
The last expression equals
By the inequality
, where c is a constant, the last expression is bigger than k n+1
The last expression is bigger than 8 3 by the choice of {k n }. The lemma follows. 2
The preceding lemmas show that
Then we let
From these relations we see that each interval I i 1 ,...,i n can be divided into two parts, so that the left part is the lexicographical union of the intervals I i 1 ,...,i n ,i n+1 when i n+1 ranges over the integers and the right part is the interval J i 1 ,i 2 ,...,i n .
Moreover from the two last lemmas, we conclude that | J i 1 ,...,i n | satisfies the following properties:
Checking the regularity
By the choice of k 1 , we have the equality ω(x) = 1/ log(1/x).
The map f 1,n is of class C 1+ω
We will prove that log f 1,n is of class C ω ; first we will look the intervals I i 1 ,i 2 ,...,i n in I n .
If we let x and y be in I i 1 ,i 2 ,...,i n , we have the bound
Thus, the bound is
By the Mean Value Theorem, this is smaller than or equal to
We can rewrite this expression as
The term
is bounded from above by 2 p n,1 −1 , because
From this and the inequality log x x 1 e , the expression (1) is bounded from above by
. Now we will look at the intervals J i 1 ,...,i j in I n in which 1 j n − 1. If we let x and y be in J i 1 ,...,i j , we have the
Thus, the bound is 
By the conditions
Let us define C as log(2(|i 1
To get an upper bound for (2), we will deal with the three following expressions:
The first expression equals
Since the term
is bounded from above by 2 p j,1 −1 , the last expression is smaller than or equal to
, which is smaller than or equal to 
This is smaller than or equal to log(2(|i 1 
